1. Introduction. In this paper, we continue the type of study of ergodicity and weakly mixing that was initiated in [10] . Our framework is a general transformation group (X, T, tt), where the joint continuity of (x, t) -»» x-n1 is not assumed. In §2, it is shown that most of the results of [10, §3] are valid.in this setting when Xis simply a Baire space and eigenvalues are group characters. The conjecture in [10] concerning the weakly mixing theorem is partially answered by generalizing a result in Furstenberg [6, pp. 505-507] . In particular, it is shown that the existence of a certain type of ergodic measure is sufficient (Theorem 2.5). It is observed that both the minimal and uniquely ergodic transformation groups with a compact metrizable phase space satisfy this condition.
Applications of the results in §2 to various questions in topological dynamics on transformation groups with a continuous action are given in §3. It is shown that a minimal transformation group with compact metrizable phase space and abelian group has a trivial structure group precisely when it is weakly mixing. It follows that a minimal transformation group with any reasonable structure on the proximal relation has a nontrivial structure group. In addition, it is proved that if the above type of transformation group has a simply-connected, connected, locally pathconnected phase space, it must be weakly mixing. This implies that any minimal discrete or continuous flow on a sphere must be weakly mixing. Hence such flows are in a sense the extreme negation of the distal and equicontinuous ones.
Finally, §4 is concerned with eigenvalue theorems for minimal transformation groups. It is shown that the results corresponding to [10, §3] hold when the notion of equality almost everywhere is replaced by spatial equality.
The authors would like to thank the referee for a variety of helpful suggestions concerning this paper (e.g., Remark 3.6, (4)).
[May topological group and if (x, t) -> xrf is continuous, we then say that (X, T, tt) is a continuous transformation group. We recall that (X, T, it) is called ergodic if every proper closed invariant set is nowhere dense (i.e., if C is a proper closed subset of X such that (C)Tr'çC for all t e T, then C has empty interior), and that (X, T, tt) is called weakly mixing if (X x X, T, tt x tt), defined by (x, y)(-TT x itf = (xtt1, yn-1), is ergodic.
As in [10, §3] 38(X) will denote the algebra of all bounded complex-valued functions/ on X such that C(f) = {x : f is continuous at x} is comeager. Two functions / and g in @(X) are said to be equal almost everywhere (f=g a.e.) if {x : f(x)=g(x)} is comeager. A transformation group (X, T, tt) induces a group of linear homomorphisms {Lt : t e T} on J'(A') defined by Ltf(x) =f(xTrt). We note that f=g a.e. implies LJ=Ltg a.e. for all t e T.
There are two notions of eigenfunctions in 38(X). We say that/e 38(X) is an eigenfunction of {Lt : teT} with eigenvalue x iff is not equal to 0 a.e. and if Ltf =x(0/a.e.
for all teT, where y is a character of T. If x is the trivial character (y= 1), then/is said to be an invariant function. If Ltf=x(t)fi for all teT, then/is called a spatial eigenfunction (or a spatially invariant function if y is trivial). It is easily verified that a nonzero a.e. function / in 3#(X) is a spatial eigenfunction (respectively eigenfunction) if and only if the linear subspace of 38(X) (respectively 38(X) modulo the ideal of functions equal to 0 a.e.) spanned by/is invariant under {Lt : t e T}. Also, if (X, T, tt) is a continuous transformation group, then the eigenvalues of spatial eigenfunctions are necessarily continuous and the eigenvalues of eigenfunctions are sequentially continuous. We do not know if the two concepts of eigenfunctions are actually distinct. However, we do have 2.1. Lemma. Letfe38(X) be an invariant function. Then there exists a spatially invariant function g e 3S(X) such that f=g a.e. where dr"x is the directed system of neighborhoods of x. The above limit exists since the two nets involved are bounded and monotonie. It is easy to see that g(x) =f (x) for all x e C(f) and that C(f) £ C(g). Thus g e 38(X) and f=g a.e. To see that g is spatially invariant we note that sup {h(y) : yeUnC} = sup {h(y) : ye Un C(h)}, where h is any real-valued function in SiCX) and C is any dense subset of C(h).
Hence, taking Proof. Suppose/6 38(X) is spatially invariant. If/is not equal to a constant a.e., then there exist two points x and y in C(f) such that/(x)//(j).
Then if F is a closed neighborhood of/(x) disjoint from f(y), f~1(U)~ is a proper closed invariant set with nonempty interior. Hence (X, T, -n) is not ergodic.
If, on the other hand, (X, T, n) is not ergodic, then the indicator function of a proper closed invariant set with nonempty interior is an invariant function in 3S(X) which is not equal to a constant almost everywhere. Q.E.D.
It follows from Lemma 2.1 and Theorem 2.2 that (X, T, -n) is ergodic if and only if every invariant function is equal to a constant almost everywhere. As a corollary, it follows that the proof of Theorem 3.5 of [10] concerning eigenvalues which are roots of unity generalizes to any Baire space.
2.3. Theorem. If(X, T, -ri) is weakly mixing, then every eigenfunction is equal to a constant almost everywhere.
Proof. Suppose Ltf= x(t)f a.e. Consider g e 3S(X x X) defined by g(x, y) =f(x)f(y)*, where * denotes the complex conjugate. Then g is {LtxLt : teT}-invariant and hence is equal to a constant a.e. However, iff is not a constant a.e. there exist x and y in C(f) such that/(x)/0 and/(x)#/(y). Then (x, y) and (x, x) are in C(g), and g(x, y)=f(x)f(y)*^f(x)f(x)*=g(x, x) which is a contradiction.
Q.E.D.
For the next theorem we need 2.4. Lemma. Let X be second countable and let p be an invariant probability measure on the Borel sets of X whose support is X. Then the following are equivalent :
(a) p. is closed ergodic, i.e., every closed invariant set has p measure zero or one.
(b) Every set of positive measure contains a point with dense orbit. (c) Every measurable spatial eigenfunction in 38(X) which is not equal to a constant almost everywhere with respect to p.-measure is not equal to a constant almost everywhere, and (X, T, -n) is ergodic.
Proof, (a) implies (b). Let Ux, U2,... be a topology base for X. Then the set of points whose orbit is not dense is (J^ $(£/,)' where 0(U) = (JteT (Un1) is the orbit [May of U. But C(<7¡)' is a proper closed invariant set and has measure zero, since the complement has positive measure. Therefore the set of points whose orbit is not dense has measure zero.
(b) implies (c). By a theorem due to Kakutani (cf. [6, p. 506] ) the set of points with dense orbit is contained in C(f) where fie 38(X) is a spatial eigenfunction. Therefore if/=c a.e., then the set of points where/^c is contained in the set of points whose orbit is not dense, and hence fi=c a.e. (p). This proves the first part. Since X contains a point with dense orbit, (X, T, tt) is ergodic.
(c) implies (a). Suppose C is a proper closed invariant set. Since (X, T, tt) is ergodic, C is nowhere dense. Hence lc=0 a.e. Therefore, lc is a constant a.e. (p).
Since p(C')>0, p(C)=0. Q.E.D.
The following proof of a partial converse to Theorem 2.3 is an extension of a proof of Furstenberg (cf. [6, pp. 505-507] ) and is the main result of this section. We differ from Furstenberg mainly in obtaining certain kernels for a larger class of transformation groups.
Theorem. Suppose:
(a) X is a separable metrizable Baire space.
(b) F is abelian.
(c) There exists a closed ergodic invariant probability measure p on the Borel sets of X whose support is X.
Then if (X, T, tt) is not weakly mixing, there exists a spatial eigenfunction of {Lt : t e T} which is not equal to a constant almost everywhere.
Proof. Since (X, T, n) is not weakly mixing, there exists a proper closed invariant subset C of X x X which has nonempty interior. Then D = {(x, y) : (y, x) e C} has the same properties. If (C n D)0^ 0, let/=lCnD be the indicator function of C n D. If (C n D)°= 0, let/=z'(lc-lD). In either case it follows that: (l)fisLx(X,p)n3g(X);
(2) fis a linear combination of upper semicontinuous functions; (3) /is conjugate symmetric, i.e.,/(y, x)=fix,y)*; (4) /is not equal to a constant a.e.; (5) /is spatially invariant under {LtxLt : te T}.
It follows from (1) and (3) that F, defined by F(g)(x) = jxf(x,y)g(y)dp(y), is a Hilbert-Schmidt operator on L2(X, p) (cf. [1*, p. 242]). By (1) and (4) and the fact that the support of p is X, it can be seen that /is not equal to a constant a.e. (p). Hence the range of Fcontains functions that are not equal to a constant a.e. (p).
From (1) and (2) and the hypothesis on X, it follows that functions in the range of F are bounded and are linear combinations of upper semicontinuous functions and hence are in 38(X).
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Let A=¿0 be an eigenvalue of F corresponding to some nonconstant eigenfunction. Let Hx be the set of functions of the form X~lF(g) where g is an eigenfunction of F with eigenvalue A. The elements of Hh are spatial eigenfunctions of F with eigenvalue À and are in one-to-one correspondence with the elements of L2(X, p.) (equivalence classes of functions) which are eigenfunctions of F with eigenvalue A. Since Fis a Hilbert-Schmidt operator, it then follows that 77A is a finite-dimensional subspace of 3S(X). The following equalities show that F and {Lt : t e T} commute spatially :
LtFg(x) = ^f(xn\y)g(y)d,x(y) = jxf(xn\ynt)g(ynt)dp(y) = \j(x,y)g(y^)dp(y) = FLtg(x).
Hence {Lt : t e T} maps HÁ into HK. Also {Lt : t e T} is a group of unitary operators since \\Ltg\\2 = Jxg(xir<)g(xn')*dp.(x) = jxg(x)g(x)*dp(x)= || g ||2.
As {F¡ : te T} is abelian and 77A is finite dimensional, there exists a basis for 77A of eigenfunctions of {Lt : te T}. Hence there exists a spatial eigenfunction / of {L( : t e T} in âS(X) which is not equal to a constant a.e. (p). By Lemma 2.4/is not equal to a constant a.e. Q.E.D. Note that the proof of Theorem 2.5 shows that without assumption (b) (i.e., F arbitrary), there exist finite-dimensional invariant subspaces of 3&(X) containing nonconstant functions.
We next note that if Xis compact, the assumption of closed ergodicity in Theorem 2.5 is no more general than the assumption of just ergodicity.
2.6. Proposition. If X is a compact metrizable space and if there exists a closed ergodic invariant probability measure on the Borel sets of X whose support is X, then there exists an ergodic probability measure on the Borel sets of X whose support is X.
Proof. Let fibea closed ergodic probability measure whose support is X. Then p.(A) = \*s v(A) dp(v) where fi is a Borel probability measure on the class of ergodic measures S (cf. [12] ). Let Then X is a separable metric group with no nontrivial continuous characters (cf. [9, pp. 370-372]). Let F= X and gTrr=g+f. Since P(fTrh, gTTh) = P(fi g), it is easy to see that (X, T, tt) is not weakly mixing. Since F is metric, every eigenvalue of an eigenfunction is continuous. Using minimality, it follows that (X, T, tt) has only constant a.e. eigenfunctions.
The next theorem exhibits a class of transformation groups which satisfies (a) and (b) of Theorem 2.5, but not (c), and for which the converse to Theorem 2.3 holds.
2.8. Theorem. Let T be abelian and X be nontrivial and contain an isolated point. Then (X, T, tt) is not weakly mixing and there exist nonconstant eigenfunctions in 38(X).
Proof. It follows that (X, T, tt) is not weakly mixing since {(x, y) : x=y} is a proper closed invariant set with nonempty interior. Let x be an isolated point and Px = {t : XTTt = x}. Then Px is a subgroup of F. If PX = T, 1{X} is a nonconstant a.e. invariant function. If Px + T, let y be a nontrivial character of T/Px. Define/by fi(y) = x(c(0) ify = xn\ = 0 ify^d)(x), where c is the canonical map from F onto T/Px. It is easily verified that/is well defined and has the desired properties.
Q.E.D. Finally we give an example where conditions (a) and (c) of Theorem 2.5 hold but the converse of Theorem 2.3 fails.
2.9. Example. Let X=A5, the alternating group on five letters, T=X, and frr9=g of Then X is compact metric and F has no nontrivial characters since it is nonabelian and simple [8, Theorem 5.4.3] . Since (X, T, tt) is minimal, it follows as in Example 2.7 that (X, T, tt) is not weakly mixing but has no nonconstant a.e. eigenfunctions.
We now note a case in which the hypotheses of Theorem 2.5 are satisfied. The combination generalizes Furstenberg's result. If X is a separable metrizable Baire space, F is abelian and (X, T, tt) is uniquely ergodic (i.e., (X, T, tt) supports a unique finite invariant probability measure on the Borel sets of X whose support is X), then the conclusion of Theorem 2.10 holds. Note that if Zis compact, then such a transformation group is necessarily minimal, and we can apply Theorem 2.10.
The authors conjecture that the converse of Theorem 2.3 holds when X is compact metrizable and F is abelian.
The following corollary summarizes the results concerning minimal transformation groups.
Corollary.
Suppose that X is compact metrizable, T is abelian and (X, T, tt) is minimal. Then the following are equivalent:
(a) (X, T, tt) is weakly mixing. Proof. The implication (a) implies (b) follows from Theorem 2.3. The proof of (b) implies (c) is obvious. To show that (c) implies (a), suppose (X, T, tt) is not weakly mixing. Then by Theorem 2.5 and 2.10, there exists a nonconstant spatial eigenfunction fe 3S(X). But a previously mentioned result of Kakutani's (see Lemma 2.4) implies that any point whose orbit is dense in some nonempty open set is a continuity point of any spatial eigenfunction in any Baire space. This yields in our case that/is continuous.
3. Some properties of weakly mixing minimal transformation groups. In this section, we use Corollary 2.11 to study minimal transformation groups. Unless otherwise noted, (X, T, tt) will denote a continuous transformation group with X compact metrizable. If d is a compatible metric of X, we let F denote the proximal relation of (X, T, n) (i.e., the set of all (x,y) e Xx A'such that infi6T d(xTTt,ynt) = 0). Moreover, 6(x) will denote the orbit of x e X. See [5] for a general reference.
We first examine the algebraic structure of P.
3.1. Proposition. Let X be nontrivial and T be abelian. Suppose that (X, T, tt) is weakly mixing and minimal. Then P is not an equivalence relation.
Proof. Choose xe X and t e T such that xn1 # x. Suppose (x, x-n1) e P. Since T is abelian, it follows that (Xx X, T,ttxtt) is almost periodic at (x, X7r¡). Then the Now suppose F is an equivalence relation. Then by [15] , P=L, the syndetically proximal relation (cf. [2] ). Since (X, T, tt) is weakly mixing, then <S(y, z)~ = Xx X for some (y, z) by [7, Theorem 9 .20] (the hypothesis that F be generative is not needed). Thus, P=Xx X by [2, Theorem 3], which is a contradiction. Q.E.D.
The topological structure of P is given by the next remark. 3.2. Remark. Let (X, T, tt) be weakly mixing. Then P is comeager and so is xP = {y : (x, y) eP}for x in a comeager subset of X.
Proof. Since every point in Ixl with dense orbit is in P, it follows by [7, Theorem 9 .20] that P is comeager. Hence P' is meager and so is x(P')={y : (x, y) £P} for x in a comeager set by The straightforward proof of this lemma is omitted. Note that the eigenvalues for such/are always continuous. Moreover, Lemma 3.3 holds when X is simply compact.
3.4. Theorem. Let T be abelian and (X, T, tt) be minimal. Then (X, T, tt) is weakly mixing if and only if the structure group T is trivial.
Proof. Suppose (X, T, it) is weakly mixing. Then by Remark 3.2 and [5, Theorem 2], the distal and hence the equicontinuous structure relation are both Xx X. Thus, T is the enveloping semigroup of a one point space and is trivial. Now suppose iX, T, tt) is not weakly mixing. Then by Corollary 2.11 and Lemma 3.3, some equicontinuous tranformation group with nontrivial phase space is a homomorphic image of (X, T, it). Thus the equicontinuous structure transformation group is nontrivial minimal. It follows that T is nontrivial. Q.E.D.
As a corollary, we note that if P is an equivalence relation or P is not dense in Xx X, then F is nontrivial by Proposition 3.1 and Remark 3.2 respectively.
Another interesting question is the existence of minimal discrete or continuous flows on spheres. It follows by [6, Theorem 11.1] that no such distal minimal flows exist for arbitrary locally compact abelian F and by [1, Corollary 1] that no such locally almost periodic minimal continuous flows exist. We now show that minimal discrete or continuous flows on spheres must be weakly mixing. Since by Proposition 2.1 F cannot even be an equivalence relation, this generalizes both of the above results.
3.5. Theorem. Let X be connected and T be abelian. Suppose that (X, T, tt) is minimal and every continuous map g: X-* S1 (the unit circle) is null-homotopic (or, equivalently, H1(X) = 0 in Cech cohomology). Then (X, T, tt) is weakly mixing.
Proof. Suppose (X, T, tt) is not weakly mixing. Then by Corollary 2.11, there exists a nonconstant continuous spatial eigenfunction feâS(X). We can assume |/(x)| = 1 for every x e X. It follows from the theory of covering spaces (see [14, p. 103] for example) that/(x) = ei9U>, where g is a continuous real-valued function. The proof is then completed as in [6, (2) The theorem is clearly false if X is merely connected. Moreover, in (1) we cannot drop the hypothesis of connectedness. To see this, let X be simply-connected locally path-connected and (X, </>) be a minimal discrete flow. Letting F= Xx + X2, where X¡ = X, and defining xú: Y-* Y by xp(x, l) = (x, 2), xb(x, 2) = (</>(x), 1), then F is simply-connected locally path-connected and ( Y, xb) is minimal. However, (Y,>/i) is not weakly mixing since (Y,xb2) is not ergodic [10, Theorem 3.5] . In particular, one can choose the trivial flow for (X, </>).
(3) In addition to holding for the simply-connected spheres and complex or quaternionic projective planes, Theorem 3.5 holds for real projective planes 0>n, « ^ 2, and lens spaces.
(4) Theorem 3.5 is false if F is nonabelian. To see this, let X=S2, the 2-sphere, and F= SO(3), the rotation group on X, with its discrete topology. Choosing the natural action tt, it is clear that (X, T, tt) is equicontinuous minimal and hence not weakly mixing.
One can prove Theorem 3.5 with no assumptions on the joint continuity of (x, t) ->■ XTT1 since Corollary 2.11 holds in this case. Also, since eigenvalues of spatial eigenfunctions are continuous if t -*■ xn1 is continuous, one can then show Lemma 3.3 under this hypothesis. However, if F is locally compact, it follows by [4, Theorem 1 ] that the continuity of t -> Xfr* is equivalent to (A', F, tt) being a continuous transformation group. 4 . Eigenvalue theorems for minimal transformation groups. In this section, we show how replacing a.e. equality by spatial equality in 38(X) yields analogous eigenvalue theorems for minimal transformation groups. Again, X will simply denote a Baire space and (X, T, tt) a transformation group. 4.1. Theorem. The transformation group (X, T, it) is minimal if and only if every spatially invariant function in B(X) is a constant.
Proof. The "if" part is clear. For the converse, suppose that (X, T, tt) is minimal and/e SS(X) is a nonconstant spatially invariant function. Choose x, y e X such that f(x)=/=f(y). Since @(x), 0(y) are dense and / is constant on orbits, then/(x) =f(z)=f(y) for some z e C(f). This is a contradiction.
Q.E.D. Then we can inductively show that </>m(Dk) = Dk and Dk, </>Dk,..., </>kDk are disjoint. Moreover, Dm is never defined. The proof is completed in the same way as in [10, Theorem (3.5) ]. Q.E.D.
As a corollary, we note that (X, </>) is totally minimal iff the only root of unity which is an eigenvalue of 38(X) is 1, and its eigenfunctions are constants.
4.4. Remark. Suppose (X, </>) is minimal and m^O. Then (X, </>m) is minimal iff(X,4>m) is ergodic.
Proof. Suppose m > 1 and (X, </>m) is not minimal. Let C be a proper closed ""-invariant subset. If D = {Jfj<f </>lC, D is closed ^-invariant and hence X=D by minimality. Thus, (<^'C)V 0 for some i. It follows that CV 0 and (X, </>m) is not ergodic. The other way is trivial. Q.E.D.
